Abstract. We show that spontaneous decay of atoms interacting with reservoirs, which have a frequency-dependent photon mode density, not necessarily concentrated over a narrow frequency range, may become non-exponential.
The process of spontaneous emission of atoms contained in a cavity or a waveguide differs strongly from that in a free space. This idea was recognised over 40 years ago by Purcell (1946) , who predicted an enhancement of the spontaneous emission rates for atomic transitions resonant with cavity frequencies. Employing the same idea 'au rebours ' Kleppner (1981) has shown that spontaneous emission in a waveguide may be suppressed below the free space level, provided that the transition frequency is close to or below the fundamental threshold frequency of the waveguide.
In recent years, the problem of modification of spontaneous decay has attracted a lot of theoretical (see e.g. Barut and Dowling 1987, Mostowski 1987 and references therein) and experimental (Goy et In the standard approach, spontaneous emission is described using a well known Wigner-Weisskopf approach. In this framework, decay is exponential and the whole process is fully characterised by two numbers: the spontaneous emission rate and the radiative (Lamb) shift of the transition frequency. Both the rate and the shift depend, in this case, only on the density of modes in the photon reservoir. Since in cavities or waveguides the density of photon modes is a rapidly changing function of the frequency, so are the decay rate and the radiative shift. Most of the theoretical and experimental work mentioned has been performed in the regime of validity of the Wigner-Weisskopf approximation.
There are however at least two known exceptions to the situation in which the Wigner-Weisskopf approach is applicable. The first one corresponds to the case when On leave from Institute for Theoretical Physics, Polish Academy of Sciences, 02-668 Warsaw, Poland.
* On leave from Institute of Physics, Jagiellonian University, 30-059 Cracow, Poland. the reservoir density of modes has a peak shape of the finite width, r, which is comparable to the spontaneous emission rate y c , characterising atom-reservoir coupling. In the presence of such a reservoir, spontaneous decay of a single atom does not consist of a single, Poisson-distributed emission act. Instead one observes a sequence of successive emissions and absorptions of the cavity photons, until they finally leak out of the cavity (Mostowski 1987). Eventually for r<< yc this process takes the form of the oscillatory exchange of the energy between the atomic and photonic degrees of freedom. This leads to a splitting of the spontaneous emission spectrum, which has been described in the literature as vacuum Rabi splitting (Sanchez-Mondragon et a1 1983, Agarwal 1984 , Sachdev 1984 , Barnett and Knight 1984a , b, Agarwal and Puri 1986 , Seke 1985a , b, c, Mostowski 1987 . The qualitative change of the spectrum from a single Lorentzian peak into a two-peaked structure is a clear indication of the onset of a non-exponential decay.
Another exception from exponential decay is expected to occur when the density of reservoir modes has a threshold-like behaviour, i.e. it exhibits a sudden jump. If such rapid changes in the density of modes happen on a very small frequency scale, they usually introduce long-time, non-exponential tails into the decay process. If the transition frequency lies close to the threshold, the non-exponential (usually algebraic) temporal behaviour dominates the whole decay. In principle such non-Markovian effects are already present in the free space electrodynamics, but they are negligibly small due to the fact that atomic transition frequencies w , lie far above the threshold frequency, which is in this case zero (W6dkiewicz and Eberly 1976). On the other hand, the phenomena we are talking about have been well illustrated in the context of bound-free transitions, where the reservoir consists of the electronic continuum (Rzgzewski et al 1982, Zakrzewski et a1 1984). However, observation of such nonexponential decay in the laser-induced near-threshold photodetachment or ionisation requires enormous laser intensities.
It is the purpose of this letter to show that similar effects may occur in the process of spontaneous emission. The experimental prospects of observing non-exponential spontaneous decay are better than in the case just referred to, because the strong coupling condition requires only an appropriate tuning of a cavity (waveguide) to an atomic transition with a large dipole matrix element.
In order to describe the spontaneous emission of an atom interacting with a frequency-dependent photon reservoir we shall use the model Hamiltonian: J In equation (l) , w , is the atomic transition frequency, while 10) and 11) denote atomic ground and excited states respectively. Creation and annihilation operators c t and b t correspond to the photon modes associated and unassociated with the cavity resonance. The latter will be called background modes in the following. The coupling constants g c ( k ) and gb(k) are connected to the appropriate photon mode densities. One should stress that our Hamiltonian describes radiative energy shifts only partially for two reasons: firstly it does not contain all the atomic levels, secondly it is written in the rotating-wave approximation. Lamb shift effects may be, however, included phenomenologically into (1) by proper renormalisation of w , (see analogous discussion in Rzqiewski et a1 1982). On the other hand the Hamiltonian (1) describes correctly the dynamics of the spontaneous decay. It is this aspect of the problem on which we focus in this letter.
The full characteristics of the photon reservoirs are given by specifying the functions g,(k) and g,(k). Since Igb(k)12 is needed only in the neighbourhood of the atomic frequency w , and the cavity frequency w , , it will be treated as a constant Yb/??-. The coupling lg,(k)I2 should be singly peaked (we exclude the coupling to other cavity resonances) and should exhibit a threshold behaviour. A coupling with such characteristics is found for the case of an ideal waveguide close to its fundamental frequency w,. As shown by Kleppner (1981) , the density of photon modes n(k) is then equal to zero for k s w , and has a 1/( k -w,)"* singularity for k > w,. In realistic waveguides, the singular behaviour is always smoothed however. Here we shall employ the model:
where 0 is a unit step function. The density of modes (2) is a continuous function of k. It grows, however, extremely rapidly for k close to, but slightly larger than, w,. When k approaches U , from above, the derivative of the function ( 2 ) tends, in fact, to infinity. This function displays also a 1/( k -wC)"* behaviour for k -w , > E , where E can be regarded as a 'smoothing' frequency scale. The same model has recently been used by in the study of dynamical (strong-fieldinduced) modifications of the spontaneous emission. As was shown therein, threshold effects led in that case to a variety of non-Markovian (non-Lorentzian) modifications to the resonance fluorescence triplet.
We reserve to a future publication the study of other interesting photon reservoirs (such as ones corresponding to photons in solids, where gaps in the photonic spectrum may develop, see Yablonovitch 1987) . We shall also discuss here only the simple spontaneous emission problem, leaving the discussion of dynamical modifications of spontaneous decay aside (see Mossberg 1987, Lewenstein et a1 1987b) .
The Hamiltonian (1) governs the time evolution of our model. Assuming that initially the atom was in an excited state, while both photon reservoirs were in a vacuum state, the full time-dependent wavefunction may be represented as follows:
The coefficients p( t, k) and y( t, k) represent probability amplitudes of emitting one photon of energy k, belonging to the background (IO, lk,)) or the cavity (IO, lk,)) reservoir.
The Schrodinger equations for the coefficients a, /? and y are easily solved exactly in terms of Laplace transforms, leading to:
where the resolvent function is:
The spectra of spontaneous emission into the background and cavity modes are defined, respectively, as:
Explicit calculation for our model ( 2 ) yields:
where ( k -w , ) "~ = i(wc -k ) ' l 2 for (k -w,) < 0, while j = b, c. Note that the spectrum associated with the cavity (waveguide) resonance vanishes for k < w , , due to the threshold behaviour of Igc( k)I2. The spectrum associated with the background modes extends into the regime of k < w,.
The spontaneous emission spectra for yb/ yc = 0.1, E / yc = 1 are presented in figure  1 for different values of the atom-cavity detuning A = (ma-w c ) / yc. For negative detunings (atomic transition frequency below the threshold) photons are mainly emitted into the background field. The shape of the spectrum W,( k ) resembles a Lorentzian of the width yb. Note, however, the large radiative shift (roughly estimated to be of the order of E ) towards the negative frequencies. This shift is an analogue of the dynamical threshold shift discussed by Rzqzewski et a1 (1982) . Nothing dramatic happens for A = 0; again this is due to the effects of the radiative shift. For A = 1 the radiatively shifted transition frequency approaches the waveguide threshold frequency. This is the regime in which non-exponential decay dominates the process. Both spectra develop a very narrow, asymmetric maximum of non-Lorentzian shape. The behaviour at k = w , is non-analytic due to our choice of the model (2). Obviously the details of behaviour at k = 0 , do depend on the choice of the model. One should, however, expect that overall qualitative and to some extent quantitative features of the spectra are model independent. Physically, the narrowing of the spectra results from the critical slowing down of the decay process at the radiatively shifted threshold. This effect will always be present, provided the density of the cavity (waveguide) modes exhibits a sudden 'jump' behaviour. For A = 1.5 most of the energy is dissipated into the waveguide reservoir. Shapes of the spectra begin to resemble Lorentzians again and the radiative shifts are much smaller. However, the decay process has in this case still two contributions: a relatively fast exponential one and a slow non-exponential one. The quantum interference between those two contributions leads to the strong asymmetry of the waveguide spectrum WJk) and to the build-up of a well pronounced additional peak in the background spectrum wb( k ) . This additional peak has obviously a non-Lorentzian (in our case even non-analytic) shape, since it originates directly from the nonexponential contribution to the decay.
We have examined the spontaneous emission spectra over the wide range of the parameters A and E , assuming only that the contribution from the background modes ( Y b ) remains smaller than that of the modes associated with the resonance ( y,). The quantitative picture of the spectra does change and in particular the relative contribution of the non-exponential behaviour to the whole decay process increases when E decreases. Nevertheless over the large range of the parameters studied the qualitative picture remains the same.
We conclude that the spontaneous emission process may differ significantly from exponential decay in cavities (waveguides), in which the density of the photon modes displays a threshold-like behaviour, and that a non-exponential character of the decay leads to modifications of emission spectra. The spectra of spontaneous emission have in such cases novel complicated non-Lorentzian shapes. Observation of these effects should be accessible experimentally and should provide new insights into the dynamics of non-Markovian quantum decay processes.
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